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at high rates or over long intervals.
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1. Introduction

Gaussian process (GP) models (Sacks et al. 1989, Cressie 1993, Santner et al. 2003), also known as Kriging models,
have gained widespread recognition as powerful tools for modeling and optimizing complex systems across
diverse domains, including machine learning (Rasmussen and Williams 2006), engineering design (Su et al.
2017), materials design (Zhang et al. 2020), signal processing (Li et al. 2024b), and environmental modeling (Sun
et al. 2024). The core strength of GP lies in its probabilistic regression framework, which not only provides pre-
dictions but also quantifies the uncertainty associated with these predictions (Bilionis and Zabaras 2012, Che et al.
2024). This characteristic makes it highly effective for further tasks such as Bayesian optimization (BO; Snoek et al.
2012), where the goal is to efficiently identify the optimal solution to a black-box optimization problem.

Despite its versatility, the standard Kriging model faces significant challenges when applied to fields that
require the analysis of large-scale data sets (Li et al. 2024a), such as medical imaging (Salimi-Khorshidi et al.
2011), geospatial data (Atkinson and Lloyd 1998, Boer et al. 2001, Son et al. 2019), and additive manufacturing
data (Xu et al. 2024). The computational complexity of the Kriging model, which scales cubically with the num-
ber of data points, renders it computationally impractical for large-scale data sets (Schulz et al. 2018). This limita-
tion has spurred the development of various approximation methods (Kleijnen 2009, Liu et al. 2020, Fuhg et al.
2021) that aim to reduce the computational burden of GPs while maintaining acceptable prediction accuracy.

Approximation methods often rely on simplifying either likelihood formulations or covariance structures.
Composite likelihood methods (Stein et al. 2004, Eidsvik et al. 2014) approximate the full likelihood of the GP by
the product of several marginal or conditional likelihoods (Lindsay 1988, Lindsay et al. 2011, Varin et al. 2011).
Another line of work is the Vecchia approximation (Vecchia 1988), which represents the joint distribution as an
ordered product of valid conditional distributions, each conditioning only on a few nearby observations.
Inducing-point methods (Titsias 2009, Wilson and Nickisch 2015) are the most common approaches that utilize
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simplified covariance structures. Covariance tapering (Furrer et al. 2006, Kaufman et al. 2008), another popular
method, simplified the covariance structure by multiplying the full covariance matrix by a tapering function, typ-
ically a compactly supported correlation function, thus improving computational efficiency for large-scale data
sets. These methods obtain a scalability-accuracy trade-off either by enforcing sparsity to capture local dependen-
cies at the expense of losing long-range information (e.g., composite likelihood methods and covariance tapering)
or by using inducing points to approximate the full covariance for computational efficiency.

Although these approaches have substantially improved the computational scalability, they approximate the
full GP by sacrificing certain dependency information, thereby leaving room for improvement in the scalability-
accuracy tradeoff. To achieve a unique tradeoff, we introduce the GP controlled B-spline surface (GPBSS), which
is neither a pseudo-likelihood approximation nor a low-rank approximation of the covariance. GPBSS models a
small number of B-spline control points via GP to retain long-range correlation and utilizes the computationally
efficient sparse B-spline basis to capture local dependencies.

To enhance the model’s adaptability, we introduce a sequential knot number selection (SKNS) technique,
which provides effective guidance for selecting the optimal number of control points in GPBSS. Additionally, we
integrate GPBSS with BO, using GPBSS as a surrogate model, to enable efficient optimization of complex black-
box functions. Numerical examples demonstrate that the GPBSS model is significantly efficient for data-intensive
regression and optimization tasks with no more than four input dimensions.

The main novelties of this work are as follows. First, GPBSS achieves a linear time complexity, which significantly
reduces the computational costs compared with the standard Kriging model. Second, unlike existing approximation
methods, GPBSS exploits the geometric properties of B-splines to achieve a more favorable position on the
scalability-accuracy Pareto frontier in low-dimensional numerical examples. Third, the SKNS technique offers a fas-
ter and more efficient method for selecting knots, setting it apart from traditional knot selection approaches.

The remainder of this paper is organized as follows. Section 2 provides a comprehensive review of related work,
covering the partial spline models, the standard Kriging model, and current benchmark approximations. Section 3
introduces the GPBSS model, detailing model construction, parameter estimation, knot number selection, model
prediction, and the GPBSS-based BO. Numerical experiments on regression and optimization are presented in Sec-
tions 4 and 5, demonstrating the efficacy of GPBSS in practical applications. Finally, Section 6 concludes the paper.
The code for reproducing our results is available at https: // github.com/Yongxiang-Li/GPBSS.

2. Literature Review

2.1. Partial Spline

Partial spline models form a foundational class of semiparametric regression methods, providing a unified
framework that seamlessly accommodates both linear and nonlinear components (Powell 1994, Ruppert 2003). A
standard one-dimensional partial spline model (Gu 2013) can be formulated as

y(@) = f()B+n(x) +ex), @

where f(x) represents the set of covariates with corresponding coefficients B, n(x) is the nonparametric compo-
nent represented by spline functions, and e(x) is an independently and identically distributed (i.i.d.) noise term.
When dealing with multiple predictors, tensor product spline constructions can be employed to effectively cap-
ture interactions among variables (Gu 2013).

A common strategy for estimating the unknown function 7(x) in Equation (1) is to frame the problem as minimiz-
ing a penalized least squares criterion in an appropriate Hilbert space. More specifically, let H = {1 : J() < co} be a
Hilbert space defined by a quadratic functional J(17) that measures the smoothness of 1(x). The estimation procedure
involves solving the following optimization problem:

ngn%Z (i = nx))* + AJ(), @
i=1

where A is a penalty parameter that balances the tradeoff between the goodness-of-fit and smoothness of 7(x).
The choice of J(n) and its associated Hilbert space structure can be guided by established theoretical frameworks
(Wahba 1990, Gu 2013, Ma et al. 2015).

The Hilbert space H can be decomposed into the direct sum of the null space Aj and its orthogonal comple-
ment Hj:

H=N;®H,
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where Nj = {n:](n) =0} is the null space of J(17). Nj is commonly assumed to be a finite-dimensional linear sub-
space of H with basis {&;:i=1,...,s}, where s = dim (N ]). The orthogonal complement H; inherits the structure
of a reproducing kernel Hilbert space (RKHS) with its reproducing kernel Rj(:, ).

Building on the work of Wahba (1990), the minimizer of the optimization problem in Equation (2) over H can
be expressed as

) =Y &)+ aRy(xi,x). 3)
k=1 i=1

This representation leverages the direct sum decomposition of 7, where the basis functions &; span the null space
N7, and Rj(-,-) serves as the reproducing kernel for the orthogonal complement H;.

Although partial spline models effectively balance interpretability and flexibility (Ruppert 2003, Gu 2013), they
fall short in assessing the prediction uncertainty. This limitation particularly hinders certain applications, such as
BO, which relies on uncertainty quantification to make informed decisions about where to sample next (Morris
et al. 1993), so there is a need for models that retain the interpretability and flexibility of partial splines while
incorporating robust uncertainty quantification.

2.2. Gaussian Process
GP (or Kriging) models are powerful and flexible nonparametric methods that are widely used for regression
tasks (Santner et al. 2003, Rasmussen and Williams 2006). For x € R?, the GP model is commonly defined as

y(x) =f(2) B+z(x) +e(x), (4)

where z(x) follows a GP with a zero mean function and a covariance function Kg(x,x”), and e(x) represents i.i.d.
Gaussian noise. The standard Kriging model typically employs maximum likelihood estimation (MLE) to esti-
mate the model parameters B and ¢ (Santner et al. 2003).

The core advantage of GP models lies in their probabilistic regression framework that captures uncertainty in
predictions, making them highly effective for further tasks such as BO. However, the standard Kriging model
faces significant challenges when dealing with large-scale data sets due to its O(n*) computational complexity,
where 7 is the number of sample points. This limitation has motivated the development of various approxima-
tion methods that aim to reduce computational costs while preserving prediction accuracy.

The earliest attempt to address the computational issues of GP involved composite likelihood methods. These
methods typically partitioned the entire data set into several subsets and defined a marginal or conditional likeli-
hood for each subset (Besag 1975, Lindsay 1988). The full likelihood was often approximated by the product of
these composite likelihoods (Lindsay et al. 2011, Varin et al. 2011). For example, composite conditional likelihood
methods approximated the full likelihood of a GP by using the product of the conditional likelihoods on each
subset of the data (Stein et al. 2004). Similarly, composite marginal likelihood methods (Heagerty and Lele 1998,
Caragea and Smith 2007, Eidsvik et al. 2014) approximated the full likelihood by using the product of the mar-
ginal likelihoods on each subset of the data.

In contrast, the Vecchia approximation (Vecchia 1988) replaces the joint distribution with a product of univari-
ate conditional distributions, each conditioning only on a small set of nearby observations in a given ordering.
To enhance the Vecchia approximation, Guinness (2018) introduced a new grouping scheme and showed that
ordering choices beyond the default coordinate-based orderings can improve approximation accuracy. Katzfuss
and Guinness (2021) proposed a general framework for Vecchia approximations, which was extended by Katz-
fuss et al. (2020) to GP prediction, achieving an O(n) computational complexity for both parameter estimation
and prediction.

Another attempt is using simplifies covariance structures for the GP to address computational issues. Covari-
ance tapering approaches employ a sparse covariance matrix to accelerate the GP modeling (Furrer et al. 2006,
Kaufman et al. 2008). In covariance tapering, sparsity is achieved by multiplying the original covariance function
by a compactly supported covariance function (the taper function), which forces the resulting covariance matrix
to be sparse. An alternative approach using simplified covariance structures, known as the inducing-point
method (Hensman et al. 2013, Liu et al. 2020) or the low-rank method (Cressie and Johannesson 2008, Stein
2008), employs a low-rank covariance function to approximate the original covariance function. The computa-
tional complexity can be reduced to O(nm?+m?®), where m is the number of inducing points. For example, the
sparse pseudo-input GP (SPGP; Snelson and Ghahramani 2006) introduced a small set of pseudo-input points to
represent the entire data set, thereby reducing the effective sample size. GP regression reconstruction (GPRR;
Xiong 2021) employed an interpolation-based method with finite knots to efficiently approximate GPs, offering
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reduced computational complexity. Titsias (2009) proposed a variational sparse GP framework to jointly opti-
mize inducing inputs and kernel hyperparameters through an evidence lower bound. Building on inducing-
point methods, KISSGP further enhances computational efficiency by employing kernel interpolation techniques
(Wilson and Nickisch 2015), reducing the computational complexity to O(n).

These approximation methods for scalable GP can generally be viewed as different strategies for balancing
long-range and local dependencies, offering a tradeoff between computational efficiency and prediction accuracy
(Sang and Huang 2012, Katzfuss 2017). Local dependencies typically lead to small or even sparse matrices that
are computationally easy to handle, whereas long-range dependencies grow with the data set size and are often
dense, posing a significant computational burden. Composite likelihood methods and covariance tapering accel-
erate computation by largely discarding long-range dependencies, relying primarily on local structure for predic-
tion. Inducing-point methods mainly incorporate long-range dependencies through a correlation function
defined on inducing and data points to approximate the full correlation for computational acceleration. How-
ever, the low-rank structure may limit their ability to capture local dependencies. Despite a substantial improve-
ment in scalability, these approximation methods sacrifice certain dependency information, thereby leaving
room for improvement in the scalability-accuracy tradeoff.

Recently, Ghosh et al. (2021) proposed a GP-controlled B-spline (GPBS) model, which combines multivariate
GPs (MGPs; Fricker et al. 2013, Chen et al. 2023) and B-spline curves to flexibly model multivariate profiles of
low-emission glasses over a one-dimensional input space. The model is formulated within a linear mixed-effects
framework focusing on multioutput problems. A key innovation of the GPBS model is that it models the
B-spline control points as an MGP, allowing joint modeling of within- and between-profile correlations in a prob-
abilistic framework. GPBS exhibits considerable computational efficiency and numerical stability over conven-
tional MGPs. Although the GPBS model presents a structured alternative to conventional GP models, it is
validated only in one-dimensional and multioutput problems. Moreover, it does not explicitly exploit the spar-
sity of the B-spline basis, which could offer scalable computational advantages.

3. GPBSS

To address the aforementioned issues, this study proposes the GPBSS model. By combining the flexibility of
B-spline basis functions with the probabilistic regression framework of GPs, this study creates a scalable and effi-
cient surrogate model that maintains a high prediction accuracy. This section details the GPBSS modeling pro-
cess, focusing on parameter estimation, knot number selection, and model prediction. The final section presents
an application of GPBSS to BO.

3.1. Model Formulation
This study proposes the GPBSS model, an extension of GPBS, for surface modeling in higher dimensions. Unlike
GPBS, which was validated only for one-dimensional problems, the GPBSS model integrates B-spline surfaces,
rather than B-spline curves, into the GP framework. Additionally, this study leverages the sparsity of the
B-spline basis matrix to improve computational efficiency during model fitting, a benefit not fully exploited by
GPBS. The remainder of this section details the formulation of the GPBSS model.

B-spline surfaces in the bivariate input space can be expressed as

my o mp

S(x1,x2) = Z Z u;, q(x1)uj,q(x2)T5 j,

i=1 j=1

where 1; 4(x) denotes the ith B-spline basis function of degree d, 1 denotes the number of B-spline basis func-
tions in the kth input dimension for k=1,2, and I’; ; is the (i, j) th element of the coefficient matrix I'. The matrix
form of the B-spline surface is

S(x) = (u(x1)" @u(x2)")y,

where x = [x1,x,]7, and y = Vec(I') is the vectorization of the coefficient matrix.

It is a common practice to treat the coefficients {I';;} as control points (Li et al. 2025). Specifically, the coeffi-
cients {I;;} constitute a control lattice, an equally spaced grid of control points that governs the shape of the
B-spline surface. The indices i and j correspond to the coordinates of each control point T’;; in the logical grid
defined by the B-spline basis functions along the two input directions. These control points act as representative
points and capture the essential structure of the entire data set, similar to the inducing points in GPRR (Xiong
2021), SPGP (Snelson and Ghahramani 2006), and KISSGP (Wilson and Nickisch 2015).
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The B-spline surface can be extended beyond the bivariate scenario to higher-dimensional cases, where the
input vector x is denoted as x = [x1,x; -+,X,| , where p>2 denotes the dimension of the input space. The
B-spline surface S(x) is extended to higher dimensions by combining all univariate B-spline basis functions. Spe-
cifically, the multidimensional basis function of S(x) is the Kronecker-based structure of the univariate B-spline
basis functions for each dimension. Let u(x) represent the B-spline basis functions for the kth dimension. The
multidimensional basis function vector #(x) is then given by

u(x) = u(x1) ®u(x2) ® - ®u(xy),

resulting in a comprehensive set of basis functions that span the multidimensional input space. Thus, the surface
S(x) can be expressed as

Sx) = u(x) v = (u(x1))" ®u(x)" ® - @ u(x,)")y, (5)

where 7y is the vectorization of the B-spline coefficient tensor I'.
Based on the B-spline surface S(x), the proposed GPBSS model is

y@) =f(0) B +ux) y+e), (6)

where f(x) and e(x) are defined as in Equation (4). Unlike conventional B-spline regression, which assumes inde-
pendent coefficients and thus neglects spatial-temporal correlation, GPBSS assumes that the coefficient tensor I'
follows a GP with zero mean and a separable covariance function defined as

p
Cov(li, i, i Liri, 1) = UZH Po, (i, 1), (7)
pakc}

where iy, i; € {1,2,...,m;} denote the indices of Ty, 5, . ;, and I i along the kth dimension and (Pek(ik/ ip) = exp
(—Gi(ik — i,’c)2 / mﬁ). Modeling the coefficients as GP allows GPBSS to account for spatial-temporal correlation.

The separable covariance function in Equation (7) is a standard choice that has been widely used in the GP lit-
erature. An alternative is to employ nonseparable kernels (Cao et al. 2021, Hristopulos 2024), which can capture
more complex cross-dimensional dependencies. However, we conducted some preliminary simulation studies
and found that the gain in predictive accuracy from using nonseparable kernels in GPBSS is marginal, whereas
the computational burden increases substantially. This is because the B-spline basis in GPBSS has a Kronecker-
based structure, which may limit the potential benefits of nonseparable kernels. Therefore, we adopt the separa-
ble covariance function in Equation (7) in GPBSS throughout this study.

Then, the correlation matrix of y can be expressed as

R=Ri®R;® --- ®Rp.

Here, 20 2 0
Ry = {exp (=0 (ik — i) /midh <ip, i <, 8)

is the correlation matrix corresponding to the kernel ¢, (-,-). Thus, the covariance function of the proposed
GPBSS model is
Cov (y(x), y(x)) = o*u(x) Ru(x'),

which indicates that GPBSS is itself a valid GP model with a well-defined covariance function. Compared with
partial splines, which map the input x into RKHS and represent the model as a deterministic linear combination
of basis functions and the reproducing kernel, the proposed approach uses kernel functions to map the regres-
sion coefficients y into a high-dimensional space.

GPBSS incorporates B-splines into the probabilistic regression framework of GPs, providing uncertainty quan-
tification of complex surfaces. Note that we recommend using GPBSS primarily for low-dimensional problems
(i-e., p < 4) due to the Kronecker-based structure of the B-spline surface S(x).

3.2. Parameter Estimation
In this section, we elaborate on the parameter estimation procedure for the GPBSS model. Denote the 1 design

points by {x1,x,...,x,}, and their corresponding responses are denoted by y = [y1,12,. .., yn]T. The matrix form
of the GPBSS model can be expressed as

y=FB+Uy+e,
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where F = [f(x1),...,f(xy)] T is the regression matrix, U = [u(x1), .. Lu(x,)]" is the B-spline basis matrix, and
e=[e(x),... ()] . This study assumes that € ~ N (0, 02621,,), and thus the covariance matrix of y is 0°%, where

3 = URU" + &°I,. )

To facilitate efficient computation, the matrix inversion lemma (also known as the Sherman-Morrison-Woodbury
formula; Sherman and Morrison 1950) is employed, and thus the inverse of 2 can be simplified as
L, I, us'u’
ey (10

where £=6"R™' + U'U, in whichR™' =R '®R;'® - ®R, !, and using the B-spline basis structure, we have

n n

U'U =) uleu’(x) = ()’ (x01)® - @ (ulxi )’ (x;, )

i=1 =1
It is worth noting that the matrices % and = remain positive definite even if n < m, which is critical for the imple-
mentation of GPBSS in BO, particularly during the early stages when 7 is sometimes less than .

Similarly, according to Sylvester determinant theorem (Akritas et al. 1996), we have

12| = 6*"™|R||E], (11)

where m = mj --- m, and

p m
IR = [ IRil".
i=1

Although the matrix inversion lemma and the Sylvester determinant theorem are also utilized in conventional
approximation approaches such as inducing-point methods or low-rank methods, the computational complexity
of the proposed method is much lower. Note that each row of the basis matrix U contains only g = (d + 1)" non-
zero entries, where d is typically small (e.g., d = 2,3, or 4). Consequently, the sparse basis matrix U reduces the
computational complexity of 3! and [%| from O(nm? +m?) to O(1n + m?). This sparse property and its associated
computational acceleration were not fully recognized in the GPBS modeling. Furthermore, this sparsity allows
GPBSS to achieve a better balance between computational efficiency and prediction accuracy compared with
other inducing-point methods. In practice, we recommend setting m; < n'/? on average to preserve this tradeoff.

The likelihood function, up to a constant, is

log|o®X| (y-FB)'I'(y—FP)
2 202 !

where ¢ = {91, Oy, 6}. By setting the derivatives of the likelihood function to zero, the parameter estimates of
B and o are

U, B,0%) = (12)

A

B=FF-F= 'Fu) \(Fly-F E 'y (13)
and
2 _ Iy~ FBI5 — (yy — FuB)'E " (yy — FuP)
6% = u u
no*
where Fyy = U'F and y;; = U"y. Note that computing U’ U in = only has a O(n) complexity, and thus computing

B and 62 costs O(n + m?) time. Substituting Equations (13) and (14) into Equation (12), the profile likelihood, up
to a constant, becomes

/ (14)

_ nlog 6% + (n — m)log 6* +1og |R||E|

U(p)= 5 (15)

Computing this profile likelihood {() also costs O(n +m?) time. Maximizing the profile likelihood {(¢) with
respect to ¢ gives the parameter estimates:

¢ =arg min{~{(¢)}. (16)

This optimization problem is solved using numerical techniques such as gradient descent methods. The covari-
ance structure of GPBSS, as described earlier in Equation (9), facilitates computational efficiency and allows
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scalable modeling of large-scale data sets. By exploiting the inherent sparsity of the B-spline basis, the computa-
tional complexity of evaluating the covariance matrix and performing matrix operations is significantly reduced,
making the GPBSS model computationally feasible for large-scale data sets.

3.3. Sequential Knot Number Selection

Knot selection plays a pivotal role in determining the effectiveness of the GPBSS model by balancing overfitting
and underfitting (Yuan et al. 2013). Thus, this study focuses specifically on knot number selection. For readers
interested in knot position selection, please refer to He et al. (2001).

In the traditional knot number selection (TKNS), the knot numbers for all dimensions are selected simulta-
neously. This approach requires complex optimization in a high-dimensional space where the knot number for
each dimension is varied simultaneously, making the process less efficient. To address these issues, we propose
the SKNS method, which employs the Akaike information criterion (AIC; Akaike 1998) to sequentially optimize
the number of knots for each dimension.

Specifically, the number of control points for the ith dimension is determined by

i—1 14
#1; = arg min 2 H;ﬁj m; H m;.) —(Py) (17)
=1

mieMi j=irl

fori=1,...,p, where M, is the set of all candidate numbers for ith dimension, and ¢, is pre-estimated only once
according to Equation (16) given {m?}izlmp, for the sake of computational efficiency in knot number selection.

Here, m? is a user-specified initial value in M;, typically chosen as the median of the candidate values in M; for
i=1,...,p. Then, the optimized knot number in the ith dimension is #; +d +1 as shown in Prautzsch et al.
(2002). It is worth noting that the knot locations are not optimized, but rather the grid points in the knot space.

SKNS performs sequential optimization, starting with the first dimension and proceeding sequentially. That is,
m; is optimized conditional on {1, ...,11;_1} determined in the previous steps. This method eliminates the need
to optimize my, ..., m, simultaneously, offering a more efficient and scalable solution for knot selection in high-
dimensional spaces. To illustrate the efficacy of SKNS, we present the following example.

Example 1. In this example, we perform model fitting and prediction on the built-in two-dimensional (2D) function
peaks in MATLAB.! We first generate the training data set {x1,x,...,x,} using Latin hypercube design (LHD; Park
1994). Both the SKNS and TKNS are employed to predict the data under different n values, and the experiments are
repeated 10 times. The average root mean square error (RMSE), the computation time of knots selection for both
methods, and the total computation time are recorded. The RMSE is calculated on 21 testing data points, which are
also generated by LHD. Note that we also report the knot selection time for each dimension in SKNS.

The results are shown in Table 1, and the RMSE for both the SKNS and TKNS methods is very similar, with
TKNS being slightly smaller. Nevertheless, the knot-selection time required by the SKNS method is almost
1/10th of that required by the TKNS method.

Table 1. Average RMSE and Computing Time Using Different Knot Selection Methods

RMSE Computing time (s)

SKNS TKNS

Knot selection time

n SKNS TKNS my My Total time Knot selection time Total time
10,000 0.01594 0.01585 1.0189 0.9824 2.1998 18.5375 18.8527
20,000 0.01198 0.01150 2.1318 2.0885 4.5335 41.2410 41.8709
30,000 0.01040 0.00936 3.2880 3.1666 6.9985 64.2007 65.2289
40,000 0.00863 0.00822 4.5617 4.3957 9.3794 87.7423 87.9958
50,000 0.00795 0.00761 5.6219 5.5549 11.7910 110.1739 110.5093
60,000 0.00698 0.00680 6.7060 6.6997 14.1419 130.4400 131.9203
70,000 0.00652 0.00652 7.9946 7.7410 16.5969 155.2484 156.0388
80,000 0.00652 0.00622 9.5003 9.4278 19.5299 183.7709 184.4952
90,000 0.00589 0.00591 11.5172 11.0389 23.4761 217.8534 219.8178

100,000 0.00553 0.00556 12.4564 12.4688 25.2279 234.9568 236.6990
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It is worth noting that, although using more knots may introduce a potential risk of overfitting, such risk is not
severe for the following three reasons. First, as indicated by Equation (5), the high-dimensional B-spline surface
is essentially a mesh grid of several one-dimensional B-spline curves. Each one-dimensional B-spline curve has
only m; +d + 1 knots, which is considerably smaller than #n. This mesh grid structure makes the proposed GPBSS
model less susceptible to severe overfitting. Second, the design points {x1,x,...,x,} are often randomly gener-
ated by LHD, and their responses y usually contain observational noises. This inherent randomness in the sam-
ple data makes it difficult to overfit the data using the mesh-grid surface. Third, unlike traditional linear
regression using the B-spline, the control points in GPBSS are regulated by a GP, which enforces the smoothness
of the B-spline and thus mitigates the risk of overfitting. These points are further illustrated in Example 2.

Example 2. Continuing with the peaks function, we perform model fitting using n = 900 sample points and pre-
diction using 10n sample points. The number of control points in two dimensions is increased from 10 to 30 in
increments of 5, and the process is repeated 100 times. The RMSE results are provided in Table 2. It can be
observed that the optimal RMSE occurs at 77 = 30 and m, = 25. When the number of control points continues to
increase (for example, at the setting of m; = 30 and m, = 30), the prediction RMSE exhibits a slight rise, implying
a potential risk of overfitting when the number of control points becomes excessively large. However, this RMSE
increase is not substantial, and the prediction accuracy remains acceptable, indicating that using more control
points does not necessarily lead to severe overfitting. Overall, these results suggest that GPBSS can be effectively
applied as a surrogate model in BO, even when the sample size n is smaller than m during the early stages of
optimization.

Although SKNS costs substantially less time than TKNS, it still multiplies the computational burden of GPBSS,
because more than 90% of the total computational time is consumed by SKNS, as shown in Table 1. Thus, we rec-
ommend a two-step approach for a compromise choice: Users may first apply SKNS to a relatively small subset
of the data set to determine an initial knot selection, and these preliminary knots can be then used to fit the
GPBSS model on the whole data set. In addition, additional control points can be added to enhance model accu-
racy if computational resources or budgets permit.

3.4. Model Prediction

After parameter estimation, the next crucial step in the GPBSS model is to make predictions at new or unob-
served design points. This section details the prediction of GPBSS using the estimated parameters. The condi-
tional distribution of y given y is

yly ~NRU S (y — F§),6*(R — RU"S'UR)).
By simplifying the expression, the estimation of vy is
Y= Eil(yu - FLI[})/

and its covariance matrix is 62(I — ='u” U)R.
For a new design point x., the prediction of y(x.) is given by

§e) = )T B +u(e) 7,
and the prediction variance is

That is, y(x.)

Yy~ N(‘J'A(x*)/ 6;(x,))

Table 2. RMSE of GPBSS for Different Numbers of Control Points

my
m 10 15 20 25 30
10 0.2870 0.1526 0.1392 0.1367 0.1361
15 0.2436 0.0927 0.0846 0.0820 0.0814
20 0.2347 0.0650 0.0529 0.0522 0.0524
25 0.2373 0.0625 0.0512 0.0495 0.0496

30 0.2399 0.0625 0.0493 0.0484 0.0886
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This prediction approach, based on the GPBSS model, provides efficient predictions for new design points by
exploiting the structure of the B-spline basis and the sparsity it introduces into the model. Thus, the proposed
method allows for scalable modeling even with large-scale data sets, ensuring computational efficiency in both
the parameter estimation and model prediction phases.

Example 3. This example evaluates the uncertainty quantification capability of the proposed GPBSS method in both
1D and 2D settings and compares it against SPGP, GPRR, and KISSGP. The evaluation metric is the Wasserstein dis-
tance (Vaserstein 1969, Villani 2009, Mallasto and Feragen 2017) between the predictive distribution and the reference
distribution. Training and test data are sampled from a Kriging model, with 6; =5 in the 1D setting and 61 = 6, =5
in the 2D setting, which serve as roughness parameters in the Gaussian kernel Ko(x,x") = []}_, exp {=0%(xx — x,’c)z}.
Each experiment uses 200 training points and 500 (1D) or 2000 (2D) test points. The reference distribution at
each test point is computed from the conditional distribution of the aforementioned Kriging model given the
training points.

All methods are trained on the same training data, and the Wasserstein distance is evaluated for varying num-
bers of control (or inducing) points. Specifically, the numbers of inducing points for SPGP, GPRR, and KISSGP are
10, 15, 20, and 25 in the 1D setting and 16, 25, 36, and 49 in the 2D setting, respectively. Correspondingly, we set
m; =10,15,20, and 25 for GPBSS in the 1D setting and m; =4,5,6, and 7 in the 2D setting where i = 1,2. We also
investigate the tradeoff between prediction accuracy and computational time for all methods. All experiments are
repeated 30 times, and results are presented as mean curves with shaded areas indicating standard errors.

As shown in Figure 1, (a) and (b), Kriging achieves near-zero Wasserstein distance as expected because it per-
fectly fits all training points. Among the methods, GPBSS consistently achieves the lowest Wasserstein distance.

Figure 1. (Color online) Comparison of Prediction Accuracy and Uncertainty Quantification Across SPGP, GPRR, and KISSGP
as the Number of Control (Inducing) Points Varies in 1D and 2D Cases

(a) Wasserstein distance in 1D case (b) Wasserstein distance in 2D case
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Moreover, GPBSS generally lies on the Pareto frontier, achieving a better trade-off between prediction accuracy
and computational efficiency, as shown in Figure 1, (c) and (d).

3.5. GPBSS-Based Bayesian Optimization Framework

BO is a powerful framework for identifying the optimal design that maximizes or minimizes a given black-box
function, particularly in applications where evaluations are costly or time-consuming. At the core of BO lies a
surrogate model that predicts function values while simultaneously quantifying the associated uncertainty,
which enables principled decision-making through acquisition functions. In this subsection, we use the proposed
GPBSS model as the surrogate model and develop a GPBSS-based BO framework.

In the GPBSS-based BO, we consider various acquisition functions, including random search (RS; Wang et al.
2023), expected improvement (EI; Jones et al. 1998), and upper confidence bound (UCB; Srinivas et al. 2010). RS
enables batch sampling where points are drawn using Markov chain methods based on improvement probabili-
ties. EI and UCB, on the other hand, are single-point sampling strategies that are typically optimized using global
optimization techniques, such as the genetic algorithms (Miihlenbein et al. 1991), implemented by the GA tool-
box in MATLAB. This flexibility allows users to select acquisition strategies based on task characteristics. RS is
ideal for parallelizable or data-intensive tasks, while EI and UCB are more effective for sequential optimization
requiring precise guidance.

The process flowchart is shown in Figure 2. The BO process begins with using LHD to generate an initial sam-
ple set {(x1,y1), (x2,12), ..., (xn, yn)}. A GPBSS model is then fitted to these initial samples. In each iteration, the
acquisition function selects a set of new points {X,.+1,Xn+2,..., %4} for evaluation. The number of points r
depends on the chosen strategy. RS supports batch sampling (r > 1), whereas EI and UCB typically select one
point per iteration (r = 1). The corresponding responses {,+1,Yn+2, -, Yn+r} are then evaluated using the objec-
tive function. This resampling process iterates, with the GPBSS model being updated at each step, until the com-
putational budget is reached.

4. Numerical Examples on Regression

In this section, we compare GPBSS with three approximation methods (SPGP, GPRR, and KISSGP). We use four
different examples to evaluate the performance of each method. For a fixed sample size 1, we vary the number of
control points in GPBSS and the number of inducing points in GPRR, SPGP, and KISSGP. The objective is to
study how well each method balances prediction accuracy and modeling time. It is worth noting that the stan-
dard Kriging model (Matheron 1963, Cressie 1993) is not included in the comparison due to its computational
infeasibility with the large sample sizes used in these examples (n > 50,000). Similarly, the composite likelihood
methods are not compared in this study because they also have prohibitive computational requirements for
large-scale data sets in the numerical examples.

Figure 2. Flowchart for the GPBSS-Based Bayesian Optimization
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4.1. Regression Problems

4.1.1. Regression Case 1: Six-Hump Camel Function. The six-hump camel function, a classic benchmark func-
tion, is widely used to evaluate the performance of algorithms on complex functions due to its multiple local
extrema and two global minima (Lee et al. 2018). Defined in a two-dimensional space, its mathematical represen-
tation is

4
flxg,x2) = <4 —21x% + %)x% +x120 + (—4 + 423)x3,

subjectto —3 < x; < 3and -2 < x; < 2.

We compared GPBSS, GPRR, SPGP, and KISSGP models on this function using data sets of 50,000 and 100,000
points. The number of control points in GPBSS is drawn from the range [5, 5] to [31, 31], that is, m; € [5,31],
whereas GPRR, SPGP, and KISSGP used [10,200], [10,130], and [102,3102] inducing points, respectively. We
evaluated the models based on the RMSE calculated over 50,000 testing points and their computation time, as
shown in Figure 3. Each RMSE was averaged over 100 repetitions to ensure robust results, and the standard
errors were also reported. Notably, GPBSS demonstrated remarkable efficiency, handling larger 2D data sets in
less time. For example, even with 1,000,000 data points in Case 1, GPBSS achieved an RMSE of 102 in less than
three seconds.

4.1.2. Regression Case 2: Canopy Height Prediction. Canopy height is a key indicator of ecosystem functions
such as carbon storage, biodiversity, and habitat suitability (Finney 1998, Hurtt et al. 2004, Klein et al. 2015).
Understanding canopy structure is crucial for studying the impact of climate change on forest ecosystems and
developing mitigation strategies. Consequently, there is an increasing demand for models that can predict can-
opy height. Although current light detection and ranging (LiDAR) systems are capable of mapping large areas of
forest canopy, they cannot collect data at every location. This means that the canopy data have a sparse sampling
design. Therefore, it is critical to build efficient and accurate regression models to predict canopy height in loca-
tions where data are lacking.

Case 2 utilizes a data set from the Bonanza Creek Experimental Forest (BCEF; Finley et al. 2022) in interior
Alaska, which has 188,717 locations with collected percent tree cover (PTC) data and forest canopy height (FCH)
measurements. The GPBSS, GPRR, SPGP, and KISSGP models are used to predict the canopy height. Specifically,
we use 50,000 and 100,000 data points, respectively, to fit these models. The number of control points in GPBSS is
drawn from the range [10, 10, 10] to [21, 21, 21], that is, m; € [10,21], while GPRR, SPGP, and KISSGP use
[10,200],[10,60], and [53, 1043] inducing points, respectively. The RMSE of 50,000 testing points and the model-
ing time of each method are provided in Figure 4, where the standard error of the RMSE:s is calculated by repeat-
ing the simulation 100 times.

4.1.3. Regression Case 3: Schwefel Function Prediction. The Schwefel function is a widely used test function for
regression problems (Li et al. 2024a). This function is provided to demonstrate the performance of the proposed

Figure 3. (Color online) RMSE and Modeling Time of GPBSS, SPGP, GPRR, and KISSGP on Case 1
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Figure 4. (Color online) RMSE and Modeling Time of GPBSS, SPGP, GPRR, and KISSGP on Case 2

(b) n=50, 000 (b) n=100, 000
6.50 GPBSS 6.57
¥ GPRR k
SPGP
" \ KISSGP . \
o 55} o 55F
w w
5 5
GPBSS
45+ 45¢ GPRR
SPGP
i ‘ ‘ ‘ ‘ . ‘ 4 | ‘ | KISSGP
0 50 100 150 200 250 300 0 100 200 300 400 500

Time (seconds) Time (seconds)

method for large-scale interpolations. The Schwefel function used in this study is given by

4
f(x) == x;sin /[1,000x,

i=1
where -1 < x; < 1.

Case 3 employs the Schwefel function to evaluate the GPBSS, SPGP, KISSGP, and GPRR models. We use
100,000 and 200,000 data points, respectively, to fit these models. The number of control points in GPBSS is
drawn from the range [5, 5, 5] to [11, 11, 11], that is, m; € [5,11], whereas GPRR, SPGP, and KISSGP use
[100,1000],[10,200], and [44,234} inducing points, respectively. The RMSE of 50,000 testing points and the
modeling time of each method are provided in Figure 5, where the standard error of the RMSE is calculated by
repeating the simulation 100 times.

4.1.4. Regression Case 4: Friedman Function Prediction. The Friedman function (Friedman 1991) is a widely
used benchmark in regression analysis, defined as

f(x) =10 - sin (rx1x2) +20 - (x5 — 05)*+10-x4+5- x5,

where —1 <x; <1, for i=1,2,...,5. This function is known for its nonlinear structure and strong interaction
between variables.

In Case 4, we assess the performance of GPBSS, SPGP, and GPRR using 100,000 and 200,000 training points. It
is worth noting that KISSGP is excluded from this comparison because it failed to run on such large-scale data;

Figure 5. (Color online) RMSE and Modeling Time of GPBSS, SPGP, GPRR, and KISSGP on Case 3
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Figure 6. (Color online) RMSE and Modeling Time of GPBSS, SPGP, and GPRR on Case 4
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this observation aligns with the recommendation of Wilson and Nickisch (2015) to avoid its use beyond four
dimensions owing to its reliance on grid inducing points. For GPBSS, the number of control points in each
dimension varies between 3 and 10 (m; € [3,10]), whereas GPRR and SPGP use [100,800] and [50,250] inducing
points, respectively. Model performance is evaluated using RMSE on 50,000 test points, and computational
time is also reported. The standard error of the RMSE is estimated from 100 independent runs, as illustrated in
Figure 6.

4.2. Result Analysis
The results from the four cases provide a comprehensive comparison of the GPBSS method against the GPRR,
SPGP, and KISSGP methods.

First, compared with other methods, GPBSS achieves a better balance between computational efficiency and
prediction accuracy in low-dimensional cases (i.e., Cases 1-3). Although GPBSS is not always the most accurate
or time-efficient method in every scenario, it consistently performs well on the Pareto front, with the exception of
Case 4 (p = 5), where GPBSS does not remain on the Pareto front.

Second, GPBSS provides smaller standard errors of RMSE when varying the number of control points, com-
pared with the standard errors observed when changing the number of inducing points in GPRR and SPGP. This
difference arises from the random selection of inducing points in SPGP and GPRR modeling, indicating that the
way of selecting the inducing points significantly affects their performance. In contrast, GPBSS is not subject to
this limitation because the knots and control points in GPBSS are evenly spaced across the design space.

Third, by comparing panels (a) and (b) in Figures 3-6, we observe that the superiority of GPBSS becomes more
pronounced as the sample size n increases, because GPBSS, which has linear time complexity, is particularly suit-
able for large sample sizes. As n increases, the computing time of GPRR, SPGP, and KISSGP rises considerably,
whereas the computing time of GPBSS remains relatively stable.

In conclusion, the GPBSS method achieves a more favorable position on the scalability—accuracy Pareto fron-
tier in low-dimensional regression applications (p < 4). The results in the above examples clearly demonstrate
that GPBSS is a valuable tool for data-intensive regression tasks in low-dimensional spaces.

5. Numerical Examples on BO

This section aims to evaluate the performance of the GPBSS-based BO on three benchmark problems. The pro-
posed method is compared with the standard Kriging model (Redivo-Zaglia and Rodriguez 2012) in terms of
optimization accuracy, computational efficiency, and predictive performance. The comparison is conducted
under three widely used acquisition strategies: EI, UCB, and RS.

5.1. Optimization Problems

5.1.1. Optimization Case 1: Multi-Hills Function. The multi-hills function is a mathematical function commonly
used to test and evaluate the performance of optimization algorithms (Sun et al. 2014). It has multiple local
optima and a single global optimum, effectively assessing the ability of optimization algorithms to navigate
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complex search spaces. The multi-hills function is defined as

10 sin (0.057tx7) . 10sin®(0.057x,)
92((x1-90) /50 92((x2-90) /50

g(x1,x0) =

This function contains two variables, x; and x;, both of which are in the range [0, 100]. The construction of the
function involves two sine functions, each of which is combined with a decay factor. It features up to 25 local
maxima within the given range, as illustrated in Figure 7.

We employed SKNS and subsequently determined m; = 30 as the number of control points. It is noteworthy
that at the beginning of the Bayesian iterations, the number of control points significantly exceeded the number
of sample points. However, this did not affect the model fitting, which is consistent with the observation in
Example 2 of Section 3.

The GPBSS- and Kriging-based BOs are employed to optimize the multi-hills function, following the BO pro-
cess depicted in Figure 2. BO starts with 100 initial sample points for all methods. For the RS acquisition function,
20 iterations are run with 40 resampled points per batch for a total of 800 points. To ensure a fair comparison, EI
and UCB are each run for up to 800 iterations. The experiment is repeated 10 times, recording the optimization
trajectories and time for both surrogate models during the iterative process.

5.1.2. Optimization Case 2: Unmanned Aerial Vehicle Controller. Unmanned aerial vehicles (UAVs; Austin 2011)
are controlled either by radio remote control devices or by their own programs (Valavanis and Vachtsevanos
2014). A proportional-integral-derivative (PID) controller is often used to control the UAV’s pitch angle, ensuring
stable flight and precise trajectories (Blevins 2012). The parameters of the PID controller (proportional gain K,
integral gain K;, and differential gain K;) are crucial for the UAV’s performance (Cetin and Iplikci 2015).

Optimizing the PID controller’s response time is particularly important for UAVs because a shorter response
time allows the UAV to respond more quickly and accurately to unexpected situations, thereby improving its
flight safety and mission execution. The tuning expression for the PID is

t
u(t) = Kpe(t) + K,-/ e(t)dt + Ky d;—(:),
0
where u(t) is the control output, e(f) is the system error, that is, the difference between the set value and the
actual value. The proportional gain K, adjusts the effect of the current errors. The integral gain K; adjusts the
effect of cumulative errors and eliminates steady state errors. The differential gain K; adjusts the change rate of
the errors, thereby reducing system oscillations.

In this study, we model the PID controller’s response time based on its parameters K, K;, and K, using the
GPBSS (i.e., m; =5 selected by the SKNS technique) and Kriging models. Using the same acquisition settings as
in the multi-hills experiment, we compare the performance of RS, EI, and UCB in the GPBSS and Kriging-based
BOs. This experiment is also repeated 10 times, recording the optimization trajectories and time for both surro-
gate models.

Figure 7. (Color online) Surface Plot of the Multi-Hills Function
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5.1.3. Optimization Case 3: Rastrigin Function. The Rastrigin function (Miihlenbein et al. 1991) is a nonconvex
function that serves as a widely used benchmark in global optimization. In this case, we consider a five-
dimensional Rastrigin function with a global minimum of zero, defined as

f(x) =50+ 25: (xlz — 10 cos (27xy)),
i1

where —2 < x; < 2, to evaluate GPBSS in higher-dimensional settings (p > 4).

The GPBSS model is constructed using m; = 4 control points selected by the SKNS technique, and its optimiza-
tion performance is compared against the standard Kriging model. All variants of the GPBSS- and Kriging-based
BOs are initialized with 100 initial sample points. RS is performed over 10 iterations with 40 resampled points
per iteration, resulting in a total of 400 evaluations. For a fair comparison, EI and UCB are each executed for up
to 400 iterations.

5.2. Result Analysis

Figure 8 depicts the optimization trajectories of the GPBSS-based and the Kriging-based BO under three acquisi-
tion functions, respectively. The lines represent the average optimized values across 10 repeated experiments,
whereas the shaded areas indicate one standard deviation from the mean. Figure 9 reports runtime results for
each experiment.

First, the GPBSS-based BO is faster than the Kriging-based BO in low-dimensional settings (i.e., p < 4), as
shown in Figure 9, (a)—(f).This improvement is primarily due to the difference in time complexity: the Kriging
model has a cubic time complexity with respect to the number of sample points, whereas the GPBSS model has a
linear time complexity. However, GPBSS-based BO becomes less suitable for higher-dimensional problems

Figure 8. (Color online) Search Paths for GPBSS and Kriging Using Three Acquisition Functions (RS, EI, UCB) in Three Optimi-
zation Cases: Multi-Hills ((a)-(c)), UAV ((d)—(f)), and Rastrigin ((g)—(i))
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Figure 9. (Color online) Boxplots of Runtime for GPBSS and Kriging Using Three Acquisition Functions (RS, EI, and UCB)
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(p > 4). As demonstrated in Figure 9, (g)—(i), GPBSS is slower than Kriging for Case 3. This is because the number
of control points (e.g., m = 4° in Case 3) used in GPBSS increases exponentially with p, resulting in a substantial
computational burden. In addition, the RS acquisition function runs faster than other methods. This efficiency is
largely attributed to its ability to support batch sampling, highlighting its advantages in parallel computation.

Second, the GPBSS-based method demonstrates optimization performance comparable to the Kriging-based
method in most cases, as illustrated in Figure 8. The primary reason for this is that the Kriging and GPBSS mod-
els achieve comparable prediction accuracy. To illustrate this, we evaluate their RMSE in all cases by varying the
sample size n from 100 to 2,000. The RMSE is calculated based on 5,000 testing points. As shown in Figure 10, the
two models exhibit comparable prediction accuracy, with GPBSS yielding slightly higher RMSE. Therefore, both
models can accurately approximate the objective function and converge to similar optimal solutions.

6. Conclusion

This study introduces a novel framework for scalable GP modeling that integrates B-spline surfaces within the
probabilistic framework of GP, resulting in the GPBSS model. GPBSS is particularly noteworthy for its linear
time complexity, making it an efficient and scalable regression tool for large-scale data sets in low-dimensional
spaces. In our comparison studies in low-dimensional applications (p < 4), GPBSS achieved a favorable balance
between computational efficiency and predictive accuracy compared with benchmark GP approximations such
as SPGP, GPRR, and KISSGP. Numerical examples also show that the GPBSS-based BO method not only signifi-
cantly outperforms the Kriging-based approach in computational speed but also achieves comparable levels of
optimization accuracy, making it an efficient and reliable choice for complex optimization tasks.

Because of the limited expressiveness of B-spline surfaces in high-dimensional spaces, the GPBSS model may
not scale well to regression problems with more than four input dimensions (i.e., p > 4). Despite this limitation,
as demonstrated in numerical examples, GPBSS excels in data-intensive regression and optimization tasks in
low-dimensional spaces. We believe that the proposed approach will open up new avenues for applying GPs to
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Figure 10. (Color online) Comparison of RMSE for Kriging and GPBSS Across Different Sample Sizes
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highly data-intensive scenarios involving low-dimensional data sampled at high rates or over long intervals,
such as geostatistics (Atkinson and Lloyd 1998, Boer et al. 2001, Son et al. 2019), image processing (Salimi-
Khorshidi et al. 2011, Yasarla et al. 2021), and additive manufacturing (Xu et al. 2024). Future research will focus
on addressing these limitations by extending the proposed method to higher-dimensional scenarios.

Acknowledgments
The authors thank the editor, associate editor, and anonymous reviewers for constructive comments, which greatly
improved the article.

Endnote
' See https: //ww2.mathworks.cn /help /matlab/ref /peaks.html.
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